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Symmetry-adapted cluster f-orbitals and a vector method
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The irreducible representations consisting of linear combinations of cluster
atomic f-orbitals are obtained for fo, fm, f6 and f¢ orbitals in M;(D;),
M.(Dy), My(Ty), Me(O,) and Mg(O,) clusters. The charge overlap of any
pair of two atoms in a cluster is decomposed in terms of a set of coefficients
for the o, m, §, and ¢ overlaps, respectively. A vector method is devised for
this decomposition which may be extended to any arbitrary orientation and
to higher orbitals. The decomposition coefficients represent fundamental
geometrical properties of the cluster and are applicable to clusters of arbitrary
dimensions.

Key words: f-Orbitals — Metal clusters — Overlap integrals — LCAO-MO
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1. Introduction

Metal clusters are coming into increasing interest to chemists. They are useful
in understanding chemical bonding in metals, catalysis by metals and eventually
the surface chemistry of metals. Many recent popular articles [1, 2] as well as
scholarly books [3, 4] and reviews [5, 8] are available. It is therefore interesting
to derive the molecular orbitals for these metal clusters in basic geometries. (Fig.
1). Such basic geometries are of course useful in crystal unit cells, such as face
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Fig. 1. Coordinate systems for clusters: My{D,,,) (1a); M,(Dy,) (1b); Mg(Oy,) (Ic) and Mg(O,) (1d).
Specification of local coordinates in terms of the common unit vectors i, j, k at the origin are given
in Table 1 and Refs. 9,11, 12]

centered cube etc. In a recent work the writers [9] have derived the molecular
orbitals consisting of up to d-atomic orbitals for Mg( O, ), M,(T;) and M(Oy,)
clusters. We also considered the orientational problem for the overlap of up to
d-orbitals. This work is to extend the derivation to f-atomic orbitals pertinent in
heavy metals [10]. We shall derive here the symmetry adapted LCAO-MO for
f-atomic orbitals of M3(D;), Mu(T;), M,(Dy), Mc(Oy,) and Mg(O,) (Tables
2-7). We shall also elucidate the orientational problem of decomposing the
general f-overlaps in terms of fo, fm, f5 and f¢ overlaps. While some overlap
integrals may be computed in ab initio machine calculations, explicit overlaps
are needed for understanding bonding and symmetry of electronic distributions.



Symmetry-adapted cluster f-orbitals

Table 1. Local coordinate systems™® and atomic labels
for the M;(D;,) and M,(D,,) clusters

M;(Dy,) M, (Dyy)
x=(1 0 0 x=(-1 0 0)
n=(0 1 0) »n=(0 0 1
n=(0 0 1) z=(0 1 0
n=(-t £ 0 x=(0 0 1)
=% -1 0 y2=( 0 1 0)
L=(0 0 1) z=(-1 0 0)
%= (4 -Z 0 x=(1 0 0)
y=( F -5 0 =0 0 1)
z=(0 0 1) =00 -1 0)
x=(0 0 1)
ya=(0 -1 0)
z=(1 0 0

#In terms of projection on the local parallels to the

common coordinate (i, j, k)

®See Figs. 1a and 1b. Coordinates for M¢(O,) are the
same as those given by Purcell and Kotz (Ref. [12]).
Coordinates for M,(T,;), Mg(O,,) are the same as those
of Watanabe (Ref. [11]). See also an earlier work of the
authors (Ref. [9])

Table 2. Summary of irreducible representations of f-orbitals® in various clusters

M3(D;,) M, (D) M,(Ty) Mg(O,) M;(0y)
fU(di,Pz,S) az;e” alg;blg; a;t Qg €5 Ay Ay
e, tlu tlu; t2g
s ah; e’ aye: oy e;t; g bags e, e,;
(dy, P,) a5 by 153 tus tay Ligs tius
eg; €y t2g: t2u
S, ag; e’
(d,;, P,)
Soxy aj;e” ayg; by et Uy 0y, e e,
(dxy) ayus byys I, €g5 €yl Ligs s
bags Lau g bay
o2 az;e” € e,
(de_y2)
S, ab; e’ ayg3 bygs a,; ay; tigs us Ui ay,;
Qg Aoy s
ay,; by, bty bgs bau tigs tius
f¢y aj;e' €g5 €y bes by

® d, p, and s orbitals that transform similarly are also shown (in parenthesis). f3, fr and fo LCAO-MO
may also be obtained from correlation to d, p, s orbitals. The latter serve as a double check. f may
have very different transformations from those of P, and P,
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Table 3. Symmetry adapted f-orbitals in a M;(D;;) cluster®

D,, Normalization “Energy” E®

A LCAO symmetry constant, N = x N2
a Jo+fo,+ foy aj (3+6S<lrﬁ)_l/2 (3a+6ﬁzlr’3

Jos—fo, e

2foy — for,— fos el (2-28 )~V (2a-28L;
My St ot a; (3+65;’72,);1/2 (e +6317’12;

2~ fa=fns e,

f12=fna g @287 (a-2812
7 JE+ 16+ 1% aj (B3+6sE)7? (Ba+68L)

f§3 _ffz el

216 —f6— 1& e (2-28yH)V2 (2a-28%)
Oy SOt L+ af (B+68;7)7? (3a+681)

26~ 18— 1 ey

=12 ey (2-28)7"? (2a-283)
. Jeytfeat fey aj (3+6SLH7V? (3(1"'6/3;2)

Sfes—fe, ey

2fe,~ fe,— fes ‘—’Zz (2_251:22)_1/2 (2e —2[31’52
¢'x f¢x1 +f¢x2+f¢x3 aé (3+6S<l15’)zcd>x)_l/2 (3!1 +6B}b’§¢x)

2f¢xl —f¢x2 _f¢x3 e;

Sbso—fbea e;, (2_2535)%@:)*1/2 Q2a _ZB:;J%d)x)
&y S+ fbyot fbys aj (B+6554,)72  (Gat68ys,)

f¢y3 _f¢y2 e,

2,1~ fby2— Sfb,3 e (2_2S}£§¢y)_1/2 (2e _2Btlz§y2'd>y)

#See Eq. (1) for the definition of f-orbitals and Fig. 1a for the local coordinates. Table 8 for the
decomposition of the overlap integrals. If 8 is taken to be proportional to overlap, its decomposition

is the same as for overlap integrals

® The energy expression is strictly valid only if the symmetry is unique and no mixing is involved
(e.g. mixing of o(a3) and 8,2_,2(a3)). a is the atomic coulomb integral which may be approximated
by the valence orbital ionization energy. B is the resonance integral

Table 4. Symmetry adapted f-orbitals in a M,(Dy;,) cluster®

D,, Normalization “Energy” E
A LCAO symmetry  constant N = X N2
o fo,+ fo,+ fos + fo, A, (4+8842+4813)72  Express constant
o, — for, + fos — for B (4—-852+4553)7Y2  term in a. Replace S
1 2 3 4 1g o oo P
fory—foy; fos— for E, (2—28L2)~v2 with 8 and square
T = S+ SGt st B,y (4+88%7+48.7)71/2  Express constant
w, = fm—fat+ - A (4—88%#+4S53)7"Y2  term in a. Replace S
SE A+ foa+fE+ . A, 4+ 8S%;+45;%3)~:72 2 with 8 and square
SE St fes— s By, (4_8352’7;‘4"'_435’5)
Sy —fa: f6— Eg (2_257,’3)41 s
Sns =Sy fé—fé, E (2-2852)"Y
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Table 4 (continued)
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D,, Normalization “Energy” E
A LCAO symmetry  constant N = X N2
8y =¢ feytfeatfes+ fey By, (4+88L2+45'2)"Y2  Express constant
sop=e L+t 1 By, (4+8537+45})"/%  term in a. Replace §
fe,—fe,tfes—feu Ay, (4—852+48%)"Y2  with B and square
Fo -1+ 11, Ay, (4-8S}2+4s7)"2
s E 2281312
15 *f§1 .sz _f§4 e ( —od)
Sfea—fey; fes—fe E, (2-25.7)
o S+ [yt fbest Sy Az (4+8SL2+4S37)""/?  Express constant
o, fop =St fds—fbe  As, (4-8SL2+482)"Y?  term in a. Replace S
Sbo1— [t fbs—fbya By (4- ss%’é +4s%§):/z with 8 and square
Jbpt bt Syt o Bay (4+88)5+4830)7Y
Fbafbuai fbys =S E, @2-Sy)~"
foo~fbusi fbya—Tby,  E 2-5507

2 See Eq. (1) for the definition of f-orbitals and Fig. 1b for the local coordinates. See Table 9 for the
decomposition of the overlap integrals (and the assumed similar decomposition of the resonance
integrals B). a is the coulomb integral, see Table 3

Table 5. Symmetry adapted f-orbitals in a M,(T,;) cluster®

Normalization
A LCAO T, constant
o Same combination® as for d2, a, (4+12832)7V/2
Pors t (4—4as;n)712
T Same combination as for e (44882 +4S /2
T, (d..d,,), (P, P,) n (4-8552+480071/2
f (4-8Sy7+48)™?
ey Same combination as for e (4+88L2+481:H~1/2
82 ds,,, ds.2_ 2 4 (4—-8S;2+4SyHyV?
t (4—8S%2+480%)~1/2
¢x f¢x1+f¢x2+f¢x3 +f¢x4 AZ (4+ 12S.1(;)%d>x)'1/2
Jo1— [t fbis—fbra T (4-4842,07
f¢x1 +f¢x2 ~f¢x3 "f¢x4 le
f¢x1‘f¢x2”f¢’x3 +f¢x4 le
b, Syt fbyatfbyst b4 A, (4+12842,,)°"°
f¢y1 _f¢y2+f¢y3 —f¢y4 ng (4_45155@)_”2
f¢'y1 +f¢y2_f¢y3 "f¢y4 Tzn
fd’yl _f¢y2 _f¢y3 +f¢y4 ng

*See Eq. (1) for the definition of f-orbitals and Fig. 1d for the local coordinates
® The linear combiatnions for p-orbitals have been given by Watanabe (Ref. [11]), those
for d-orbitals have been given by Chiu and Wang (Ref. [9])
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Table 6. Symmetry adapted f-orbitals in a Mg(O,) cluster®

Normalization
A LCAO O, constant
T Same combination® as ford.:,  a, (6+68%2+248L5)1/2
P,orS e, (44553 —gsLH)~v2
Ly (2“517'3- w2
s Same combination as for by (448} -88)71/?
m (dyas d,.), (Pus P,) by (4-4S5+8SLH)
tu (4—4S5, —881~y"1/2
I (4-48% +8S5°)71?
8.y Same combination as for ay, (6—24SL°+68%3)"1/2
82,2 (ds,,, dd,2_ ) a,, (6—24S) +6S2) /2
e, (4—-88L2+4813)"1/2
e, (4—88}7+48;7)71?
tye (2—- 83572
b (2-520)71*
¢x ¢xl - ¢x3_ ¢x5— ¢x6 Hux (4_8S}i;xs'¢x+4si;g¢x)_l/2
¢y ¢y2 - ¢y4 - ¢_v5 + ¢y6 151 uy
qsyl + ¢y3 - ¢x2 - ¢x4 bz
1= bys—dys—dys fgx (4_85.15;5:@'*"45?53@)*1/2
G2~ bra— Pxst dys tigy
¢x1+¢x3+¢y2+¢y4 tlgz
¢y1 _¢y3+¢y5+¢y5 tzgg (4_'_85‘11;;@_‘_45%5@)—1/2
Do~ Drat Prs— dre bgn
¢x1 + ¢x3 - ¢y2 - ¢y4 t2g§
b1~ Pzt DusT e ‘tzug (4+85§;§¢X+4Si}f¢x)_‘/z
b2 bpat dys— b6 Lyug
(byl + ¢y3 + ¢x2 + ¢x4 t2u§

? See Eq. (1) for the definition of f-orbitals and Fig. 1¢ for the local coordinates
® The linear combinations of p-orbitals have been given by Watanabe (Ref. [11]). Those
for d-orbitals have been given by Chiu and Wang_ (Ref. [9])

Table 7. Symmetry adapted f-orbitals in a Mg(O,) cluster™®

Normalization
A LCAO 0, constant N?

O SO T IOt bt fbra—Sbxs— o —Sbxr— [brs Az 8+245,7 —16S°—8S;
f¢x1 +f¢x2+f¢x3+f¢x4+f¢x5+f¢x6+f¢x7+f¢x8 Alu 8+24S)16’x2+16s)163c6+8's)1c}5
f¢x1 _f¢x2+f¢x3 _f¢x4—f¢x5+f¢x6_f¢x7+f¢x8 Tlgx 8-85;}2""85}&6—853&5
f¢x1 + [z _f¢x3 —fbxa _f¢x5 —fb.s +f¢x7 +f¢x8 Tlgy
Jbs1 = fszr— fOrsH [Dra— [xsF [Orst [ber— fbss Tig
fd’xl "f¢x2+f¢x3 —f¢x4+f¢x5 "f¢x6+f¢x7 _f¢x8 T2u§ 8_85;’3—85;’:*' Ssl’xs
f¢x1 F f o= fbxs—fbxa +f¢x5 +f¢x6 _f¢x7 _f¢x8 T2un
SOy — fbxa— fOx3 F S Prat [brs— [ —[brr+ [brs Toue
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Table 7 (continued)

Normalization
A LCAO 0, constant N?
Gy fbut bt [t Sbyst [, byt by A, 8+245,7+165,7+85S,

Syt byt byt fbya—fbys— Iy — [y — fbys Az 8+24S;}2—16S;’f—85§;ys
Jbp1 = fby2t fbys— fDyat fbys— fb,6+ fbyr — fbys Toge 8‘8S;f_85;f+85;f
fd)yl +f¢y2 _f¢y3 _f¢y4 +f¢y5 +f¢y6 _f¢y7 _fd)yS T2g11

by~ fbyo— [+ fbyat fDys—Sbye—fbyr+1byg Tog

f¢y1“f¢y2+f¢y3 “fd’yd,“fd’ys +f¢y6_f¢y7+f¢y8 Tlux 8“85;}2'*'85;}6_85;}5

f¢y1 +f¢yz —fd)yS —f¢’y4 “f¢y5 _f¢y5 +f¢y7 +f¢y8 T1 uy
f¢y1 "f¢yz _f¢y3 +f¢y4 _f¢y5 +f¢'y6 +fd’y7 _f¢ys Tl uz

2 See Eq. (1) for the definition of f-orbitals and Fig. 1d for the local coordinates
b fo, fr and f3 have the same combinations as do, dm and dé given by Chiu and Wang (Ref. [9])

Such symmetry adapted orbitals and overlaps are available thus far mostly in p
or d orbitals [11-20] or in two-center situations.

The importance of f orbitals have been discussed recently for example by
Jgrgensen [19]. But, the computation [21, 22] of f~-overlaps and the related tabula-
tion [23], mostly apply only to the diatomic situation with parallel sets of local
coordinates at two centers.

In a general cluster of atoms it is impractical to choose parallel local coordinates
for all of the atoms because this will complicate the transformation of these
under symmetry operations. The orientational problem is especially difficult for
S orbitals which require rotational transformation matrices [24, 25] of the third
rank [26]. When combination of atoms (e.g. in the M, cluster there are 6 X5/2=15
pairs) and combination of orbitals (e.g. 7x7=49 for each pair of atoms with
each atom having seven f orbitals) are large (15 x49 =735), the choice of such
large sets of Euler angles[14, 24, 25]is not only mind-boggling but also susceptible
to error. Therefore we like to devise a method to solve this orientation problem—a
vector method that can be adapted to the computer for efficiency and accuracy.
Furthermore the principle of this method can be extended to g(I=4), h(lI=5)
waves etc. and can be extended to any arbitrary geometrical arrangement of
atoms. The LCAO-MO’s are also useful in correlation to united-atom or Rydberg
orbitals of the clusters.

2. The vector method for f-orbital projection and overlaps

For the transformation in point groups and for orientational projections we omit
the common radial part of the f-orbital. We consider only the real angular parts
which are proportional to the linear combination of spherical harmonics of the
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third rank as follows:

V7 7
fo =5 2(52°=3r%) =§ z(22° = 3zx*-3zy?) =47 Y7,

ffn-x=\/E—Sj—x(Szz—rz)=\/%xmzz—xz—yz)afnz—x/z-r—(ﬂ—Y;l),

. 21 2 2 21 2 2 2y . 1 —1
fﬂy—\/‘-é"J’(5Z —-r )=\/;Y(4Z — Xy = fe=i2m(Y3+ Y3,
ﬁsxyz\/%)f—SnyZEf{E—i\/;(Yg—Ygz), (1)
Pooyi= g 2=y = fe=Vam (V34 YD),

35 2 2 5 V3 —3
f¢x=\/;x(x —3y%)=—2m(Y3i- Y5,

35
Sy = \/;y(sxz—y% =iV2m(Y3+ ¥35).

These are the f-orbitals in terms of the local coordinates. We choose the center
of the cluster as the origin for a cluster-common coordinate system with unit
vectors i = (1,0, 0), j=(0,1,0) and k=1(0,0, 1). The local coordinate axes of a
given atom may be defined in terms of the local parallels to these unit vectors.
For M;(D;,) and M,(D,,) cluster, the orientations of atomic local axes are given
in Table 1. They correspond to the designation in Fig. 1. The local axes for
M,(Td), Mg(O,,) are the same as in an earlier paper [9] and in Watanabe [11],
the latter gave cluster orbitals up to p-orbitals. The local axes for Mg(O,) are
the same as in Purcell and Kotz [12] who gave some of the cluster d-orbitals
which we have refined [9]. Thus each local coordinate x, y, or z is a three-
component vector quantity or a row (or column) vector. For a pair of atoms
whose overlap is considered, we define a pair-common interatomic vector coordin-
ate system ﬁl, fiz and ﬁ3, where ﬁ3 is the po, overlap direction and R, R, are
the pw, and pm, directions respectively. The Rsareina right-handed arrange-
ment. In terms of the cluster-common coordinates 7, f and E, each R, or ﬁz or
R, is again a three-component vector quantity.

The local atomic coordinates of atom A, X4, Ya, Z, are decomposed in terms
of the pair-common coordinates as follows:

A1=XA=P11R1+P12ﬁ2+P13§3 (2a)
;&2: YA=P21§1+P22§2+P23R3 (2b)
A3=ZA=P31§1+P32§2+P33R3 (20)

The set of three coefficients in (2a) (or 2b or 2¢) may be solved from three
simultaneous equations arising from the three vector components.



Symmetry-adapted cluster f-orbitals 187

To find the o, 7, 8 or ¢ overlap we need to decompose the f orbital in terms of
the above components in the pair-common interatomic coordinate system, viz
for an arbitrary f orbital on atom A,

J1
fa=2 CV”3 Y3(0,D4) =A57(2R§_3R3R§—3R3R%)

/21 [21
+AP, —8-R1(4R§—Rf—R§)+APy ?R2(4R§—R§—R§)

105 105
+AD \[ 7~ Ry(Ri= R3)+ADy \[~ = 2R Ry Rs

/35 / 5
+AF, —8~(Rf—3R§)R1+AFy ’%(3R%—R§)R2
=Y C,r*'Y D}, (aBy) Y4(0D), (3)
v H

where Ag, AP, AP,, AD,,, AD,,, AF, and AF, stand for coefficients for o, m,,
My 8242, Bxyy & and ¢, projections. These coefficients are related to the rotation
matrices (Eq. (9) below). C, is the coeflicient for the linear combination of
complex f-orbitals to get real orbitals. The Euler angles «, B, y are for rotational
transformation from the interatomic coordinates to the local coordinates. wa is

Table 8. Atomic f-overlap between M;(D;,) cluster orbitals®

Equivalent to

S;(jl Fso Fpy Fp, Fe Sl,k Sk,l

stz 0.0000 0.3750 0.0000 0.6250 (1,3) (2,3)

sh2 -0.0937 —0.0469 —0.1562 —0.7030 (1,3) (2,3)

Sy 0.2812 0.0156 0.4687 0.2343 (1,3) (2,3)

Sy 0.0000 —0.4687 —0.2499 —-0.2812 (1,3) (2,3)

stz 0.0000 0.1562 0.7499 0.0937 (1,3) (2,3)

siz 0.0000 0.4192 0.0000 —0.4192 (3,1 (2,3

sL2 0.0000 0.2420 0.0000 —0.2420 1,3) (2,3) 3,1)
(3,2) (2,1)

sL2 0.1623 -0.0270 0.2706 —0.4059 (1,3)(2,1)  (3,1)(2,3)

s;;z —0.1623 0.0270 -0.2706 0.4059 1,3 (2,1)  3G,1)2,3)

St —0.2420 0.0000 0.2420 0.0000 (4,3)(2,3) 2,1)
(3,2) (1,3)

842, 0.000 —0.2090 0.0000 0.2096 2,3) (3,1)

Skix —0.4192 0.0000 0.4192 0.0000 , (2,3) (3,1)

Sih, 0.0000 0.1210 0.0000 -0.1210 (2,3) (1,3) (2,1)
(3,1)(3,2)

Si2, —0.0000 —0.0000 0.0000 0.0000 1,1 3G,1D@3)

8520 —0.0000 —0.0000 -0.0000 0.0000 1,3) (2,1 (G, 12,3

Skl —0.6249 0.0000 -0.3749 0.0000 1,3) (2,3)

Sy 0.0000 0.9372 0.0000 0.0625 (1,3) (2,3)

2 See definitions in Eq. (7) and Table 3
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a rotational matrix of the third rank. Similarly for an arbitrary f orbital on atom
B, we get B,, BP,, BP,, BD,,, BD,,, BF, and BF,. These projection coefficients
may be obtained from comparison of the same polynomial terms of R in a
detailed expansion below.
fa= T CiAiA A, = > Cye (ZI P.-,R',) (z ﬂmﬁm) (z Pk,.R’,,). (4)
Ll 71 m n
For example:

A= Z CijkPi3 Pjs Py,

1
7 ik
1/8

AP, =Z 1 Zk Cijk(-PiII)j?,Pk3+R3I)1'1Pk3+f’i31)j3pkl)a
ij

1 8
AP, =ZV o1 Z,:( Cix (P2 Py Pyt Py Py Py + Py P3 Pyy),
i

(5)
4 (37
ADxx:_m _2_A5+§(Cijk(13i3l)jZPk2+1)i2I)j3Pk2+Pi2IJjZPk3) s
ij;

1
Any =m g}:{ Cijk(I)iIPj2Pk3+l)i21)j3Pkl+Pi3lePk2+I)i1I)j3Pk2+ Pistszl

+ Pizl)jl Pk3)9

/8 /21
AF, = —{ — AP +Y CijkPnPj]Pkl}a
35 8 ik

8 21
AFY=_${ *—APy+Z C,-jkPnszPkZ}-
35 8 ik

Table 9. Atomic f-overlap between M,(D;,,) cluster orbitals®

Equivalent to

S Fsa Frr oL Fr Sik Skt

sLz 0.03125 0.42190 0.46878 0.07813 (1,4) (2,3) 3.4)
S 1.00000 0.00000 0.00000 0.00000 (2,4)

st 0.00000  —1.00000 0.00000 0.00000 83

sy 0.00000  +1.00000 0.00000 0.00000 sz

sz 0.42190 0.38283 0.07813 011720 (2,3) (1,4) (3,4)

Sit 0.00000 0.14063 0.62502 0.23437  (2,3) (1,4) (3,4)

s 0.00000 0.62502 0.00000 0.37501 (1,4) (2,3) (3,4)
sL? -0.46878  —0.07813  —0.03125  —0.42190 (1,4) (2,3) 3,4)
sy 0.00000 0.00000  —1.00000 0.00000 (2,4)

si? 0.00000 0.00000 1.00000 0.00000 (2,4)

Skl -0.07813  -0.11719  —0.42190  —0.38283  (2,3) (3,2)  (1,4) (3,4)
Sk 0.00000  —0.23438  —0.37501  -0.39062  (2,3) (3,2) (1,4)(3,4)
Siron 0.00000 0.00000 0.00000  —1.00000 Sty

Sksy 0.00000 0.00000 0.00000 1.00000 S%tex

2 See definition in Eq. (7) and Table 4
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Instead of in terms of Cartesian direction cosines as above, these coefﬁcients are
also expressible in terms of rotation matrices (Eq. (9) below).

The total overlap S{fafz) may then be expressed in terms of the products of
these coefficients and known values of overlaps integrals in tables [21, 22, 23] viz.

Sigma overlaps S(fo, fo), Pi overlaps S(fm, fmr), delta overlap S(f8, f6) and phi
overlap S(fo, f¢) as follows:
S(fAfB) = —As BSS(fO',fO')+ (APxBPx +APyBPY)S(f7Taf77)
—-(AD.BD,,+AD, BD,,)S(f3, f5)
+(AF,BF,+AF,BF,)S(fo, fo). (6)
where the products of coefficients for decomposition into o, i, 8 and ¢ are
respectively (see Tables 8-11).
FSG = —As ) Bsa
Fp,=(AP.-BP,+AP,- BP,), (7)
FDL = _(ADxx : BDxx +Any : Bny),
Fp=(AF, - BF,+AF,- BF).

These are of course, functions of rotational matrix products (see Eq. (9) below).

These coeflicients are tabulated for pairs of atoms in various clusters. Many
overlaps are seen to be equivalent. Such equivalence will simplify the normaliz-
ation of cluster molecular orbitals as well as simplify energy expressions for
symmetry-adapted orbital.

3. Discussion of results

To check the vector-method result, to see its physical meaning and to appreciate
the complexity of the Euler angle method, we consider the fo — fo overlap between
atoms # 1 and #2 in the Mg(O,) case (Fig. 1c). The two f-orbitals are by Eq.
(3) (v=0)

foA%Z za(523=3r3) =VAmri Y3(0,0,)
=~/Z1r;z DiO(aABAYA)rZYQL(@q))a (8a)
‘/:]_ 2 2 .3
fog =‘E‘ zp(5z5—3rp) =‘/47T"BY2(B‘I’B)

=47 Y, D}o(anBaye)rs Y (OD). (8b)
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Equivalent to

S Fso Fpr FpL Fy Sik St
Syl 0.00000  -0.23438  —0.37501  —0.39062  —(3,5)—(3,6) (1,6)
Sy 0.07813 0.11719 0.42188 0.38283 —(3,5)-(3,6) (1, 6)
858 ox 0.00000 0.00000 0.00000 1.00000 ~8%%,, —(1,3) (2,4)
8354y 0.00000 0.00000 0.00000  —1.00000  —S3%,. —(1,3) (2,4)
Sts 0.03125 0.42190 0.46876 0.07813 (1,2) (1,4) (1,6) (3,5)
(2,3) 3,4) (3,6) (2,5)
(2,6) (4,%)
(4,6)
Sy, 1.00000 0.00000 0.00000 0.00000 (1,3) (2,4)
S5 an 0.07813 0.11719 0.42188 0.38283  —(2,6)—(4,5) (4,6)
§%%,,  —0.00000  —0.23438  —037501  —0.39062  —(2,6)—(4,5) (4,6)
Sy 0.42190 0.38283 0.07813 0.11720  —(3,5)-(3,6) (1,6)
S 0.00000 —1.00000 0.00000 0.00000 (1, 3) 2,4
s> 0.00000  —0.14063  —0.62502  -0.23437  —(3,5)-(3,6) (1,6)
8% 0.00000 1.00000 0.00000 0.00000  —(1,3) (2,4
Sk 0.46878 0.07813 0.03125 042190  —(1,2)—(1,4) (1,6) (3,5)
—(2,3)-(3,4) (3,6) (2,5)
(2,6) (4,5)
(4, 6)
§3:8 0.00000 0.00000 1.00000 0.00000 (1,3) (2,4)
sy 0.00000  —0.62502 0.00000  —0.37501  —(1,2)—(1,4) (1,6) (3,5)
—(2,3)—(3,4) (3,6) (2,5)
(2,6) (4,5)
4,6)
S 0.00000 0.00000  —1.00000 0.00000 (1,3) (2,4)
S 0.00000 0.00000 0.00000 0.00000 SLIst (1,4) (2,3)
(3,4)
sL2 0.12104 0.18156  —0.12104  —0.18156  —(4,5)—(4,6) (1,4) (3,4)
(3,5) (3,6) -(2,3) (3,5)
~(1,2) (2,3) (1,5) (1,6)
-(1,9-3,4) -(2,5
(1,5) (1,6) —(2,6) (3,6)
(2,3)-(2,5)  —(4,5)—(4,6)
—(2,6)—(3,4)
523 ~0.11483 040189  —0.19138  —0.09569  —(1,2) (1,4) (2,5) (2,6)
(2,5)
=(2,6)-(3,4) (4,6)—(4,5)
. (4,5)-(4,6)
523, —0.04941  —0.22236 0.44470  —0.17295  —(1,2)(1,4) (2,5) (2,6)
2,5) —(4,5)—(4,6)
—{2,6)~(3,4)
(4,5)-(4,6)
sL2 0.44472  —0.17295  —0.04941  —0.22236  —(2,3) (2,5) —(1,4) (2,5)
(2,6)-(4,5)  —(2,6) 3,4)
—(4,6) (4,5)—(4,6)
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Equivalent to

S;é‘a FSG FPI FDL FF Slk Skl
§%3,  -0.19138  —0.09569  —0.11482  —0.40180  —(1,2) (1,4) —(2,5)-(2,6)
—(2,5) (2,6) (4,5) (4.6)
—-(3,4)-(4,5)
(4,6)
sk2. 018156  0.21182 018156  —0.21182  —(2,3) (1,4) 3,4)
SL2, 0.18156  —021182  —0.18156 0.21182 (2,3) (1,4) 3,9)
sL2, 0.00000  —0.18155 048414  -0.30257 (2,3) (1,4) (3,4)
s%3 0.00000 0.18155  —0.48414 0.30257 (1,2) (1,4)
: (3,4)
§%2 0.00000 0.29647 0.00000  —0.29647  —(1,2) (1,6) (3,6)
(1,4-(1,5  -(1,5)-(3,5)
(1,6)-(3,4)
(3,5)-(3,6)
sL2, 0.00000 0.38275 0.00000  —0.38275 (1,5)-(1,6)  —(1,4) (1,5)
—(2,3) (3,9) —(1,6) (3,4)
-(3,6) -(3,5) (3,6)

#See definition in Eq. (7) and Table 6

Table 11. Group f-orbital overlap for mixing of M, (D, ) cluster

orbitals of the same irreducible representation®

Mixing of
o, 8 S[B,,(0)B;,(¢)]=8NN'S}2
o, 8, ¢ S[E,(0)E,(n)]=4NN'S%

SLE,(n)E,(¢:)]=0
SIE, (0)E,(£)]=0
S[E,(0)E,($)]=4NN'S%3,

S[E,(n)E,(s)]=4NN'S}?
S[E,(£)E, (¢,)]=4NN'SZ},

m, ¢ S[B, (7) B, (6)]=8NN'S%2,
STA,, () Az, (6)]=-8NN'SE,
S[A,,(m)A,,(¢)]=8NN'SZ]

noy
S[B,,(7)B,, ($)]1= —8NN'S%3,
™8, S[E,(m)E,(8)]=4NN'S7?

SLE () Eg(6)]=0
SLE, (8)E,(¢)]= —4NN'S}Z,

# N and N’ symbolically stand for the normalization constants
of the two symmetry adapted orbitals for which the group
overlap is computed. Overlaps of only one-pair of correspond-
ing components of the degenerate representations are con-
sidered
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Table 12. Atomic f-overlaps between M(O,,) cluster atomic orbitals®

Equivalent to

S H Fss Fpy Fpp Fr SI,k Sk,l
Si2 0.01852 0.68057 0.27779 0.02315  (5,6) (5,7) (5,8) (1,3)(1,4) (2,3)
(6,7) (6,8) (7,8) (2,4) (3,4
SLe 0.14814 0.11111 0.55555 0.18517  (3,6) (3,8) (4,5) (1,7) (1,8) (2,%)
ae (4,6) (4,7) (2,7) (2,8) (3,5)
§%¢ 1.00000 0.00000 0.00000 0.00000  (4,8) (7,3) (1,5)
Syt 0.11111 0.74998 0.00000 0.13888  (3,6) (4,5) 2,7
S 0.17015  —0.24480 —0.36460 —0.06076 (5,6) (5,7) (6,8) (1,3) (2,4) (3,4)
(7,8)
Syt 0.68057 0.04166 0.20834 0.06945  (5,8) (6,7) 2,3)
8 0.00000  —1.00000 0.00000 0.00000  (4,8) (3,7) (2,6)
St 0.02778 0.20832 0.41666 0.34722  (3,8) (4,6) (4,7) (1,7) (2,5) (2,8)
3,5
832 0.51044  —0.05382 0.01735 0.02605  (5,6) (5,7) (6,8) (1,3) (2,4) (3,4)
(7,8)
S8 0.00000 —0.02778  —0.55554 —0.41668 (3,6) (4,5) 2,7
Sia 0.00000 —0.34029 —0.55554 —0.10416 (5,8) (6,7) 2,3)
s> 0.00000 1.00000 0.00000 0.00000  (7,3) (4,8) (2,6)
She —0.08334  -0.56942 —0.13888  ~0.20833  (3,8) (4,6) (4,7) (1,7) (2,5) (2,8)
(3,5)
Stz 0.06944  —0.36459 —0.04166 —0.16320 (5,6) (5,7) (6,8) (1,3) (2,4) (3,4)
(7,8)
sta 0.27777 0.20833 0.16668 0.34721  (5,8) (6,7) (2,3)
sLs 0.00000 0.00000 1.00000 0.00000  (7,3) (4,8) (2,6)
sLs 0.13889 0.41664 0.08332 0.36110  (3,8) (4,6) (4,7) (1,7) (2,5) (2,8)
(3,9
SL8 0.55554 0.00000 0.00000 0.44443  (3,6) (4,5) (2,7)
Ry 0.20834 0.01736 0.09722 0.17706  (5,6) (5,7) (6,8) (1,3) (2,4) (3,4)
(7,8)
Sy 0.00000  —0.55554 —6.11111  ~0.33333  (3,6) (4,5) (5,8) (1,8)(2,3) (2,7
(6,7}
Sy 0.00000 0.00000  —1.00000 0.00000  (3,7) (2,6)
Sy -0.41664  —0.13888  —0.02778 ~0.41664 (3,8) (4,6) (4,7) (1,7) (2,5) (2,8)
(3,5
SG2en 0.00000  —0.10417  -0.33333  ~0.56249  (5,6) (5,7) (5,8) (1,3) (1,4) (2,3)
(6,7) (6,8) (7,8) (2,4) (3,4)
Sinax 0.00000  —0.00000 0.00000 1.00000  (3,7) (4,8) (2,6)
SLe s 0.00000 -041664 -0.33332 —0.24999 (3,6) (3,8) (4,5) (1,7)(1,8) (2,%)
(4,6) (4,7) (2,7) (2,8) (3,5)
sy, 0.02315 0.06944 0.34721 0.56015  (5,6) (5,7) (5,8) (1,3) (1,4) (2,3)
(6,7) (6,8) (7,8) (2,4) (3,4)
Sk 0.00000 0.00000 0.00000  —1.00000 (3,7) (4,8) (2,6)
S5oey 0.18517 0.13888 0.44442 0.23147  (3,6) (3,8) (4,5) (1,7) (1,8) (2,5)

(4,6) (4,7)

(2,7} (2,8) (3,9)

2 S84 s and SY,  also abbreviated as SZ. and S3) respectively (see Table 7 etc). Note that when
the coefficients Fg; ete. sum to + or 0, this indicates that the Euler angles for transformation of local
A and B axes are simply related and orthonormality of the rotation matrices holds
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Where for example,

FYOD) =%§ (5R3-3R°Ry)
w

=~\/%_;‘—/21(2R§—3R3R§-3R3Rf). (8¢)
Referring to Fig. 2, we see that the Euler angles for transformation from R, R; R;
10 X, 112, are a,=7/2, Ba=37/4 and y, = . Similarly from R, R, R; to X2 Y22y
the Euler angles are ag= /2, Bg=m/4 and yg= 7. From these the values of
the rotation matrices may be computed. These values are substituted into the
coefficients for o, 7, 8-and ¢ projection (Eq. 3) for the fo orbitals at A (atom
#1) or B (atom #2), v=0

A,orB,=Dj},= 0.17678 or —0.17678
1
AP, orBPx=—:/—;~(Df,,~D3,l,)r—0 or 0
AP,orBP, = T}; (D}, +D2,)= 064954 or 0.64954
1
1
AD_ orBD, = % (D3,+D?,,)=0.68465 or —0.68465 9)
AD,, or BD,, :3’; (D3, - D?,,)=0 or 0
1
AF, or BFX=~7§(D§V~D3_3")=:0 or 0
1
AF, or BF, = 7 (D3, +D3)= ~—0.27952 or -0.27952.
1

The explicit definitions of spherical harmonics used here may be obtained from
Ballhausen’s book {27] and Watanabe’s [11].

Subsequent products of their projections yield the products of coefficients (Eq.
(7)) for decomposition of overlap integrals that agree with the computer results
(Table 10). Note that in the use of overlap integrals S{ fo, fo) etc. that occur in
Eq. (6), care must be exercised to correct for the constant coefficients in the
definition of the f-orbitals. Our definition in Eq. (1) agrees with those of Coulson
and Lester [21] but differs from Boudreaux et al. [23].

From Table 2, it can be seen that the irreducible representations for f~orbitals
are not unique. For example, there are four E,’s in M,(Dy;). One each from fo,
S, f6 and f¢. Mixing among these symmetry-adapted orbitals are possible and
the energy is valid only after mixing and solution of the 4 X4 secular determinant.
The matrix elements of mixing are given (Table 11) and the necessary atomic
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(001)

m—»"ﬂ

3—->-i’(o1o)

T(100)

Fig. 2. The relationship between the local axes of M¢(O, ) at atoms No. 1 and No. 2 and the interatomic
vector and axes. R, = (001); R2=(-1/\/2, 1/\/2, 0); R3=(-1/\/5, —1/«/5, 0). The Euler angles for
rotation from R, R, R; 10 x,y,7, are «, = w/2, B, =37/4, v, = =. The Euler angles for rotation from
RiR,R; 10 x,¥,2, are ar=m/2, By=m/4, y,=m

[f-overlaps are available from Table 9. But the explicit mixing coefficients cannot
be solved without numerical values of these matrix elements and work on these
will be postponed to a later paper on application to specific systems.

Acknowledgement. We wish to thank Mrs. Debi James for her patience and expertise in typing the
manuscript, especially the tables.

References

. Cotton, F. A. Chisholm, M. H.: Chem. Eng. News, June 28, 40, 1982

. Muetterties, E. A.: Chem. Eng. News, Aug. 30, 28, 1982

. Johnson, B. F. G.: Transition Metal Clusters. New York: John Wiley and Sons 1980

. Burdett, J. K.: Molecular Shapes—Theoretical Models of Inorganic Stereochemistry. New York:
John Wiley and Sons 1980

. Corbett, J. D.: Prog. Inorg. Chem. 21, 129 (1976); Acc. Chem. Res. 14, 239 (1981)

. Chini, P.: J. Organomet. Chem. 200, 37 (1980)

. Johnson, B. F. G., Lewis, J.: Adv. Inorg. Chem. Radiochem. 24, 225 (1981)

. Johnson, B. F. G., Benfield, R. E. In: Topics in Inorganic and Organo Metallic Stereochemistry,
p- 253. Geoffrey, G. (ed.) . New York: John Wiley and Sons 1982

9. Chiu, Y. N., Wang, F. E.: Cluster Molecular Orbitals and An Orbital Symmetry View of Solid

Phase Transformations in Perovskites. Polyhedron (1985) in press

W=

0~ N W



Symmetry-adapted cluster f-orbitals 195

10.
11.

12.
13.
14.

15.
16.
17.
18.

19.

20.
21.
22.
23.

24,
25.
26.
27.

Jgrgensen, C. K.: Isr. J. Chem. 19, 174 (1980)

Watanabe, H.: Operator Methods in Ligand Field Theory. New Jersey: Prentice Hall, Inc.
Englewood Cliffs 1966

Purcell, K. F., Kotz, J. G.: Inorganic Chemistry. Philadelphia: W. B. Saunders Comp. 1977
Bursten, B. E., Cotton, F. A, Stanley, G. G.: Isr. J. Chem. 19, 132 (1980)

McGlynn, S. P., Vanquickenborne, L. G., Kinoshita, M., Carroll, D. G.: Introduction to Applied
Quantum Chemistry. New York: Holt, Rinehart and Winston Inc. 1972

Craig, D. P., MacColl, A., Nyholm, R. S., Orgel, L. E., Sutton, L. E.: J. Chem. Soc. 354 (1954)
Jaffe, H. H.: J. Chem. Phys. 21,258 (1953); Roberts, J. L., Jaffe, H. H.: J. Chem. Phys. 27, 883 {1957)
Mulliken, R. S., Rieke, C. A., Orloft, D., Orloff, H.: J. Chem. Phys. 17, 1248 (1949)

Kotani, M., Amemiya, A., Ishiguro, E., Kimura, T.: Table of Molecular Integrals. Tokyo: Maruzen
1955

Miller, J., Gerhauser, J. M., Matsen, F. A.: Quantum Chemistry Integrals and Tables, Austin:
University of Texas Press 1959

Lofthus, A.: Mol. Phys. 5, 105 (1962)

Coulson, C. A., Lester, G. R.: J. Chem. Soc., 3650 (1956)

Brown, D. A., Fitzpatrick, N. J.: J. Chem. Phys. 46, 2005 (1967)

Boudreaux, E. A, Cusachs, L. C., Durean, L. D.: Numerical Tables of Two-Center Overlap
Integrals, New York: W. A. Benjamin, Inc. 1970

Brink, D. M., Satchler, G. R. Angular Momentum, 2nd ed., Oxford: Oxford University Press 1968
Rose, M. E., Elementary Theory of Angular Momentum. New York: John Wiley and Sons 1957
Chiu, Y. N.: J. Chem. Phys. 45, 2969 (1966)

Balihausen, C. J.: Introduction to Ligand Field Theory, p.94. New York: McGraw-Hill Book
Comp. 1962



